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We use chiral perturbation theory for SU(2) to compute the leading loop corrections to the
thermal mass of the pions and the pion decay constant in the presence of a constant magnetic
field B. The magnetic field gives rise to a splitting between M
pi
0 and M
pi
± as well as F
pi
0 and
F
pi
± . We also calculate the free energy and the quark condensate to next-to-leading order in chiral
perturbation theory. The results suggest that the critical temperature Tc for the chiral transition is
larger in the presence of a constant magnetic field, in agreement with most model calculations but
in disagreement with recent lattice calculations.
PACS numbers:
I. INTRODUCTION
Chiral perturbation theory (ChPT) provides a sys-
tematic framework for calculating properties of QCD at
low energies [1–4]. ChPT is not an expansion in powers
of some small coupling constant, but it is a systematic
expansion in powers of momenta p where a derivative
counts as one power and the quark masses count as two
powers. Chiral perturbation theory is a nonrenormaliz-
able quantum field theory in the old sense of the word.
This means that a calculation at a given order in momen-
tum p, requires that one adds higher-order operators in
order to cancel the divergences that arise in the calcula-
tion at that order. This implies that one needs more and
more couplings and therefore more experiments to deter-
mine them. However, this poses no problem, as long as
one is content with finite precision. This is is the essence
of effective field theory [5]. The chiral Lagrangian that
describes the (pseudo)Goldstone bosons is uniquely de-
termined by the global symmetries of QCD and the as-
sumption of symmetry breaking. The Lagrangian Leff
consists of a string of terms that involve an increasing
number of derivatives or quark mass factors, each multi-
plied by a low-energy constant (LEC) li. However, QCD
is a confining and strongly interacting theory at low en-
ergies. Thus the couplings li of the chiral Lagrangian
cannot be calculated from QCD. Instead, the couplings
are fixed by experiments.
The thermodynamics of a pion gas using ChPT was
studied in detail in a series of papers 25 years ago [6–8].
The thermal pion mass and the thermal pion decay con-
stant were evaluated at leading order (LO), while the
pressure and the temperature dependence of the quark
condensate were calculated to next-to-next-to-leading
order (NNLO) in ChPT. In the chiral limit, this expan-
sion is controlled by the parameter T 2/8F 2pi , where Fpi is
the pion decay constant. In this paper, we present cal-
culations of the pion massesMpi0 andMpi± as well as the
decay constants Fpi0 and Fpi± to leading order, and the
free energy and the quark condensate to next-to-leading
order (NLO) in ChPT in the presence of a constant mag-
netic background B. The details of the calculations will
be presented elsewhere [9].
QCD in external magnetic fields has received a lot of
attention in recent years due to its relevance in several
physical situations. For example, large magnetic fields
exist inside ordinary neutron stars as well as magne-
tars [10]. In the latter case, the cores may be color su-
perconducting and so it is important to study the effects
of external magnetic fields in this phase [11–18]. Simi-
larly, it has been suggested that strong magnetic fields
are created in heavy-ion collisions at the Relativistic
Heavy-Ion Collider (RHIC) and the Large Hadron Col-
lider (LHC) and that these play an important role [19].
In this case, the magnetic field strength has been esti-
mated to be up to B ∼ 1019 Gauss, which corresponds
to |qB| ∼ 6M2pi, where |q| is the electric charge of the
pion. Even larger fields could be reached due to the ef-
fects of event-by-event fluctuations, see for example [20].
This has spurred the interest in studying QCD in exter-
nal fields. At zero baryon chemical potential this can be
done from first principles using lattice simulations and
some recent result are found in [21–24].
Chiral perturbation theory has been used to study the
quark condensate in strong magnetic fields at zero tem-
perature [25–28] and finite temperature [29]. In Ref. [30],
the leading thermal corrections to Mpi0 and Fpi0 in a
magnetic background were computed. In Ref. [31]. the
quark-hadron phase transition was studied using ChPT
to calculate the free energy at leading order. The effects
of external magnetic fields on the chiral transition have
been studied in detail using the NJL model [32–41], the
Polyakov-loop extended NJL model [42, 43], the quark-
meson model [40, 41, 44–46], the (P)QM model [47, 48],
the linear sigma model [49], and the MIT bag model [50].
II. CHIRAL PERTURBATION THEORY
As explained in the introduction, chiral perturba-
tion theory is a low-energy effective field theory that
can be used to systematically calculate physical quanti-
ties as a power series in momentum. The effective La-
grangian is given by an infinite string of operators involv-
ing an increasing number of derivatives or quark masses.
Schematically, we can write Leff = L(2)+L(4)+L(6)+ ...
where the superscript indicates the powers of momen-
tum. The leading term is given by
L(2) = 1
4
F 2Tr
[
(DµU)
†(DµU)−M2(U + U †)
]
,
(1)
which is simply is the Lagrangian of the nonlinear sigma
model. Here U = exp[iτiπi/F ] is a unitary SU(2) ma-
trix, where πi are the pion fields and τi are the Pauli
spin matrices. The low-energy constants M and F are
the tree-level values for the pion mass Mpi and the pion
decay constant Fpi , respectively. Moreover Dµ is the co-
variant derivative.
By expanding the Lagrangian L(2) to fourth order in the pion fields πi, we obtain
L(2) = −F 2M2 + 1
2
(
∂µπ
0
)2
+
1
2
M2(π0)2 + (∂µ + iqAµ)π
+(∂µ − iqAµ)π− +M2π+π−
− M
2
24F 2
[
(π0)2 + 2π+π−
]2
+
1
6F 2
[−2(π0)2(∂µπ+)(∂µπ−)− 2π+π−(∂µπ0)2 + [∂µ(π+π−)]2
+2π0[∂µπ
0][∂µ(π
+π−)]− 4π+π−(∂µπ+)(∂µπ−)
]
, (2)
where we have defined the complex pion fields as π± = 1√
2
(π1 ± iπ2) and Aµ = Bδµ2x1. Similarly, expanding L(4)
to second order in the pion fields yields [26]
L(4) = 1
4
F 2µν +
2l5
F 2
(qFµν)
2π+π− +
2il6
F 2
qFµν
[
(∂µπ
−)(∂νπ+) + iqAµ∂ν(π+π−)
]
+ (l3 + l4)
M4
F 2
(π0)2
+2(l3 + l4)
M4
F 2
π+π− + l4
M2
F 2
(∂µπ
0)2 + 2l4
M2
F 2
(∂µ + iqAµ)π
+(∂µ − iqAµ)π− , (3)
where Fµν = ∂µAν − ∂νAµ is the field strength tensor.
The Lagrangian L(6) is very complicated as it contains
more than 50 terms for SU(2) [4]. However, only one
term is relevant for the present problem [26, 28], namely
L(6),relevant = −4c34M2(qFµν)2 . (4)
We have used the parametrizationU = eipi
iτi/F , where τi
are the Pauli matrices. This parametrization is different
from the one used in [26–28] and so the expressions for L
also differ. However, we get identical results for physical
quantities independent of parametrization. Moreover,
we note that flavor symmetry is broken in an external
electromagnetic field due to the different charges of the
u and the d quarks. In particular, the SU(2)A sym-
metry is broken down to U(1)3A, which corresponds to
the rotation of the u and d quarks by opposite angles.
The formation of a quark condensate breaks this Abelian
symmetry and gives rise to a Goldstone boson, namely
the neutral pion. The charged pions are therefore no
longer Goldstone modes. In fact, the presence of the ex-
ternal electromagnetic field allows for an effective mass
term even when M = 0, cf. the second and third term
in Eq. (3).
The chiral Lagrangian comes with a number of unde-
termined parameters or low-energy constants li. These
parameters can be determined by experiments; however,
loop corrections involve renormalization of them. The
relation between the bare and renormalized parameters
can be expressed as
li = − γi
2(4π)2
[
1
ǫ
+ 1− l¯i
]
, (5)
where γi are coefficients and l¯i are scale-independent
parameters [2], i. e. they are the renormalized couplings
evaluated at the renormalization scale Λ = M . In the
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present calculations, we need γ3 = − 12 , γ4 = 2, γ5 = − 16 ,
and γ6 = − 13 [2, 3].
III. PION MASSES AND PION DECAY
CONSTANTS
The pion massesMpi0 and Mpi± are defined by the po-
sition of the pole of the propagator. At leading order,
their expressions are divergent and require renormaliza-
tion of the parameters l3, l5, and l6. The result is
M2pi0 = M
2
pi
[
1− 1
(4π)2F 2
(
IB(M) +
1
2
J1(βM)T
2 − JB1 (βM)|qB|
)]
, (6)
M2pi± = M
2
pi
[
1 +
T 2
2(4π)2F 2
J1(βM)
]
+
(qB)2
3(4π)2F 2
(l¯6 − l¯5) , (7)
where the pion mass M2pi in the vacuum is given by
M2pi = M
2
[
1− M22(4pi)2F 2 l¯3
]
, (8)
the function IB(M) is defined by
IB(M) = M
2 log
M2
2|qB| −M
2 − 2ζ(1,0)(0, 12 + x)|qB| ,
(9)
where ζ(q, s) =
∑∞
m=0(q + m)
−s is the Hurwitz zeta-
function and x = M
2
2|qB| . The thermal integrals are
J1(βM) = 8β
2
∫ ∞
0
p2dp√
p2 +M2
1
eβ
√
p2+M2 − 1
, (10)
JB1 (βM) = 8
∞∑
m=0
∫ ∞
0
dp√
p2 +M2B
1
eβ
√
p2+M2
B − 1
,
(11)
where M2B =M
2+(2m+1)|qB| and m denotes the mth
Landau level.
In order to calculate the pion decay constant, we
need to evaluate the matrix elements 〈0|A0µ|π0〉 and
〈0|A±µ |π∓〉, where A0µ and A±µ are the axial currents for
π0 and π±. At zero magnetic field, these are identical,
but there are two pion decay constants at finite temper-
ature; one for the time component and one for the spa-
tial component of Aµ since Lorentz invariance is broken.
The difference between them is an order-p4 effect i. e.
appears at the two-loop level [51] and this is beyond the
scope of this paper. The matrix elements are propor-
tional to iPµ and the prefactors are denoted by Fpi0 and
Fpi± , respectively. The expressions are divergent and re-
quire renormalization of l4 and the renormalized result
is
Fpi0 = Fpi
[
1 +
1
(4π)2F 2
(
IB(M)− JB1 (βM)|qB|
)]
, (12)
Fpi± = Fpi
[
1 +
1
2(4π)2F 2
(
IB(M)− J1(βM)T 2 − JB1 (βM)|qB|
)]
, (13)
where the pion decay constant Fpi in the vacuum is
Fpi =
[
1 +
M2
(4π)2F 2
l¯4
]
. (14)
Note that Fpi0 differs from Fpi± in a magnetic field. The
reason is that the loop corrections to the former involve
charged pions only, while loop corrections to the latter
involve both neutral and charged pion [9].
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IV. FREE ENERGY AND QUARK
CONDENSATE
We are interested in the contributions to the free en-
ergy F that are due to a nonzero magnetic field and
finite temperature. We therefore write the contribution
to the free energy at the nth loop order, Fn, as a sum of
three terms: Fn = Fvacn + FBn + FTn , where Fvacn is the
free energy in the vacuum, i. e. B = T = 0, FBn is the
zero-temperature contribution due to a finite magnetic
field, and FTn is the finite-temperature contribution. The
strategy is to isolate the term Fvacn and subtract it from
Fn. This term contains ultraviolet divergences which are
removed by renormalization of the low-energy constants
of the chiral Lagrangian and the renormalized Fvacn rep-
resents the vacuum energy of the theory. The term FBn
generally contains ultraviolet divergences as well and it
is rendered finite by renormalizing the lis. In the present
case, l¯5 and l¯6 in Eq. (3), and c34 in Eq. (4) require renor-
malization. If we express the contributions FB1 and FT1
in terms of the physical pion masses Mpi0(0), Eq. (6),
and Mpi±(0), Eq. (7), at zero temperature, instead of
M , most of the dependence on the constants l¯is cancels
in the expressions for FB1+2 and FT1+2. After a lenghty
calculation, one finds [9]
FB1+2 =
M4pi±(0)
2(4π)2
[
1− 2 log M
2
pi±(0)
2|qB|
]
+
4(qB)2
(4π)2
ζ(1,0)(−1, 12 + xpi±) +
(qB)2
6(4π)2
log
Λ2
2qB
− (qB)
2
(4π)4F 2
d¯(M2)M2 ,(15)
FT1+2 = −
1
2(4π)2
[
J0(βMpi0(0))T
4 + 2JB0 (βMpi±(0))|qB|T 2
]
+
M2
8(4π)4F 2
[
− J21 (βM)T 4
+4J1(βM)J
B
1 (βM)T
2|qB|
}
, (16)
where
d¯(M2) = 8(4π)4cr34 −
1
3
(l¯6 − l¯5) log M
2
Λ2
, (17)
xpi± =
M2
pi±
(0)
2|qB| , and Λ is the renormalization scale. The
term (qB)
2
6(4pi)2 log
Λ2
2qB arises from wave function renormal-
ization of the term 12B
2 in the tree-level expression for
the free energy F0 = 12B2−F 2M2. It cancels a logarith-
mic divergence in FB1 proportional to (qB)2. This term
is typically ignored in the literature since it is indepen-
dent of T and the parameters of the chiral Lagrangian.
We note that the NLO correction to the free energy in
the chiral limit (M = 0) does not vanish since π± are no
longer Goldstone modes and Mpi±(0) is nonzero. This is
in contrast to the case of zero magnetic field [6–8].
At finite temperature, the quark condensate is
〈q¯q〉 = 〈0|q¯q|0〉
(
1− c
F 2
∂(FT + FB)
∂M2pi
)
, (18)
where the constant c is defined by [8]
c = −F 2 ∂M
2
pi
∂mq
〈0|q¯q|0〉−1 . (19)
Here mq is the quark mass. In the chiral limit, we have
c = 1. In that case, the quark condensate reduces to
〈q¯q〉 = 〈0|q¯q|0〉
{
1 +
|qB|
(4π)2F 2
IB(Mpi±(0)) +
(qB)2
(4π)4F 4
d¯(|qB|)− 1
2(4π)2F 2
(
J1(0)T
2 + 2JB1 (βMpi±(0))|qB|
)
+
T 2
8(4π)4F 4
(
J21 (0)T
2 − 4J1(0)JB1 (0)|qB|+ 4 log 2 J1(0)|qB|
)}
. (20)
This is the main result of the present paper and will be
discussed in the next section.
V. RESULTS AND DISCUSSION
We first notice that we in the limit B → 0 recover the
temperature dependence of Mpi, Fpi, F , and 〈q¯q〉 as in4
[6–8]. Similarly, we obtain the T = 0 result for the free
energy and the B dependence of the quark condensate
as in [26–28]. The results (6) for M2pi0 and (12) for Fpi0
were first obtained in [30]. The neutral pion decay con-
stant depends on the magnetic field, which perhaps is
unexpected. However, it is simply due to a cubic term
(π+π−)∂µπ0 in the expression for the axial current A0µ
and gives rise to a charged pion loop [9, 30].
We also notice that the temperature dependence of the
charged pion mass is the same as for vanishing magnetic
field. The only difference is a temperature-independent
constant proportional to (qB)2/F 2 arising from the sec-
ond and third terms in Eq. (3). Thus the charged pions
are massive excitations even in the limit when the quark
mass mq goes to zero. This simply reflects that only the
neutral pion is a Goldstone mode in an external electro-
magnetic field.
The temperature dependence of M2pi± may seem sur-
prising at first since there are loop corrections to M2pi±
involving charged pion loops. However, these loop cor-
rections cancel after having taken appropriately into ac-
count wave function renormalization of the charged pion
fields [9].
In the remainder we focus on the chiral limit. In this
case there are two dimensionless ratios, namely |qB|/T 2
and T 2/F 2. The integrals JBn are functions only of the
dimensionless ratio |qB|/T 2. It is straightforward to
show that J1T
2 ≥ JB1 |qB| for all values of B and T .
This implies that the pion decay constants Fpi0 and Fpi±
are larger than Fpi. Moreover, for small values of |qB|,
i.e. for |qB| ≪ T 2, we can calculate the first corrections
due to nonzero B as a power series in
√
|qB|/T . One
finds
Fpi0 = Fpi
(
1 +
|qB| log 2
(4π)2F 2
− T
2
12F 2
+
5
√
|qB|T
48πF 2
+ ...
)
, (21)
Fpi± = Fpi
(
1 +
|qB| log 2
2(4π)2F 2
− T
2
12F 2
+
5
√
|qB|T
96πF 2
+ ...
)
. (22)
Similarly, we can expand the quark condensate around |qB| = 0 and obtain the first correction proportional to√
|qB|/T :
〈q¯q〉 = 〈0|q¯q|0〉
(
1 +
|qB| log 2
(4π)2F 2
− T
2
8F 2
+
5
√
|qB|T
48πF 2
+ ...
)
. (23)
In the limit |qB| → ∞, JB1 → 0 since the terms in the sum in Eq. (11) are effectively Boltzmann suppressed. Eq. (6)
then shows that the dominant contribution to M2pi0 goes like −IB(0) = −|qB| log 2 and so M2pi0 eventually turns
negative which obviously is unphysical. From Eq. (12), we see that Fpi0 becomes temperature independent.
In Fig. 1 (left panel), we show the quark conden-
sate Eq. (20) as a function of temperature for |qB| =
5 ( 140 MeV)2 at LO and NLO in chiral perturbation
theory including the T = 0 contribution. For compar-
ison, we also show the quark condensate for |qB| = 0.
We are using the experimental value Fpi = 93 MeV and
l¯6 − l¯5 = 3.0± 0.3 [52, 53]. There is a large uncertainty
in the constant d¯(|qB|) and its value is consistent with
zero and we choose this value for simplicity. In Fig. 1
(right panel), we show the quark condensate Eq. (20)
except that we have excluded the zero-temperature con-
tribution. We do this to disentangle the effects of the
magnetic field at T = 0 and the finite-temperature ef-
fects. We notice that the LO and NLO results for the
condensate in both cases are very close to each other in
the entire temperature range. In fact, the LO and NLO
curves lie significantly closer than do the corresponding
curves for B = 0. This suggests that chiral perturba-
tion theory converges at least as well in the presence of
a magnetic field.
The quark condensate for vanishing B goes faster to
zero than it does in the presence of a magnetic field. This
effects is caused by two separate mechanisms. Firstly,
there is the enhanced quark condensate at T = 0, which
to leading order is determined by the function IB(M).
This is the well-known enhancement of the chiral con-
densate in the presence of a magnetic field. Secondly,
there are finite-temperature corrections. The basic ef-
fect here is that JB1 is a decreasing function of B and
thus J1T
2 > JB1 |qB| for all B > 0. Using this inequal-
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FIG. 1: Temperature dependence of the quark condensate including the T = 0 contribution normalized to its vacuum value
qB = 5 (140 MeV)2 at LO and NLO in chiral perturbation theory. For comparison, we show the LO and NLO results for
qB = 0 as well.
ity, it is straightforward to show that the decrease of the
quark condensate (20) due to thermal effects is smaller
for nonzero B. The two separate effects are clearly
demonstrated if one compares the two panels in Fig. 1.
Comparing the results for the condensate for B = 0
and |qB| = 5 (140MeV)2, it is clear the effects of the
magnetic field are quantitatively large. This is due
to a very strong magnetic field. For smaller values of
|qB|, the gaps between the two sets of curves will be
smaller too. The calculations indicate that the criti-
cal temperature Tc for the chiral transition is higher in
a nonzero magnetic field. Of course, this conclusion is
cautious since the behavior of the quark condensate in
the vicinity of Tc is beyond the reach of chiral pertur-
bation theory. This result is in line with most model
calculations, both mean-field type [42, 43, 47, 49] and
beyond [46, 48]. Model calculations that seem to indi-
cate a decrease of Tc as a function of magnetic field can
be found in Refs. [31, 50].
In Ref. [31], the authors use ChPT at leading order to
investigate the quark-hadron phase transition as a func-
tion of the magnetic field at the physical point. They
compare the pressure in the hadronic phase with that of
the quark-gluon plasma phase for an ideal gas of quarks
and gluons, and subtracting the vacuum energy due to a
nonzero gluon condensate. For weak magnetic fields, the
transition is first order. The line of first-order transitions
ends at a critical point. From this temperature onwards,
the transition is a crossover. The critical temperature
defined this way is a decreasing function of B. Typ-
ically, however, the critical temperature is determined
by the behavior of the quark condensate. At the phys-
ical point, the condensate never vanishes and the tran-
sition is a crossover. The crossover temperature is often
defined by the inflection point of 〈q¯q〉 as a function of
temperature.
D’Elia et al have carried out lattice simulations in a
constant magnetic background at zero chemical poten-
tial [21, 22]. They explored various constituent quark
masses corresponding to a pion mass of 200− 480 MeV
and different magnetic fields, up to |qB| ∼ 20 M2pi for
the lightest quark masses. For these values of the pion
mass, they found that there is a slight increase in the
critical temperature Tc for the chiral transition. These
results have been confirmed by Bali et al [23, 24, 54].
The same group has alo carried out lattice simulations
for physical values of the pion mass, i.e. Mpi = 140 MeV.
Their results which are extrapolated to the continuum
limit show that the critical temperature is a decreas-
ing function of the magnetic field [23, 24, 54]. Hence
the critical temperature for fixed |qB| as a function of
the quark mass is nontrivial. This is in stark contrast to
most model calculations that imply an increasing critical
temperature as a functions of B. This is irrespective of
whether one goes beyond mean field or not. The discrep-
ancy is perhaps somewhat surprising since at T = 0, the
lattice results confirm the magnetic catalysis predicted
by model calculations.
In conclusion, we have used chiral perturbation theory
to calculate the pion masses, the decay constants, the
free energy and the quark condensate at finite temper-
ature in a magnetic background. Given the conflicting
results for Tc as a function of B of various model calcu-
lations and lattice calculations, clearly more work needs
to be done.
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